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PaTTAN'’s Mission

The mission of the Pennsylvania
Training and Technical Assistance
Network (PaTTAN) is to support the
efforts and initiatives of the Bureau of
Special Education, and to build the
capacity of local educational agencies
to serve students who receive special
education services.

Our goal for each child is to ensure
Individualized Education Program (IEP)
teams begin with the general
education setting with the use of
Supplementary Aids and Services
before considering a
more restrictive environment.

PDE’s Commitment to Least Restrictive Environment (LRE)
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Session Description
I

Foundational numeracy concepts are taken for granted in
education. It is often assumed that students will possess certain
skills before they even begin formal education in mathematics.

This assumption can create gaps in learning and lead to
remediation, instead of altering the original instructional
sequence to be more coherent.

Students with Autism often have delays in language acquisition,
which leads to delayed instruction in mathematics. This delay in
mathematics learning presents educators with a unique
opportunity to redefine how we think about early numeracy
concepts and design more coherent sequences in mathematics
curricula.

Thinking differently about early numeracy?
|

» Identify skills
* Order skills logically
» Find associated prerequisites

» Teach to mastery/fluency/across exemplars/etc...
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Session Outline
I

1. ABA Stuff
2. Early Numeracy Sequencing
3. Counting Principles

4. Operations

ABA

an\egrouwd
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Pop Quiz!

Math is a
Language

5 Strands of Mathematical Proficiency
|

Prerequisites Conceptual Math Topic
Understanding

Strategic Productive
Competence Disposition

Adaptive
Reasoning

(NRC, 2001)
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What is conceptual understanding?
I

Extended Tacts

> Generalization must occur
* Can apply to novel items without explicit teaching

* Across...
1. People 4. Instructions
2. Places 5. Time

3. Materials

> Feature/Function/Class
* Tacting critical features may facilitate concept acquisition

> The tact is involved in the process of joint control
which assists students in effective verbal recall and
effective listener responding.

What is conceptual understanding?
I

Atomic Repertoires
> New combination of skills applied to new behaviors
> Most of our spoken language is a result of ARs

What are the prerequisite skills needed for the atomic
repertoires for the math content?

> Imitation

> Echoic

> Tacts

> Textual Behavior (reading texts/symbols)

> Transcriptive Behavior (copying text/symbols)

> Etc...

We must identify the skills in relation to conten1t2!




“Concept Matrix”

Student (behavior)

.\ * ) Y
Find GO (yete IO e 1ot g Ut g pate™

Saynumber| | R | Trans.|Trans.

Echoic| LR

Show digit| MtS |Trans. | Trans.

\Y

Show text| MtS |Trans.|Trans.

Text

Teacher (antecedent)

Showpattern | MtS | Trans. | Trans.

Tact

From this point on...

| am going to simplify the ABA Vocabulary so

we can focus on the math.

You can still make connection/improvements
if you have that level of background.
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EWL@ Numeracy

Pennsylvania Training and Technical Assistance Network

NCII: Teaching Counting 5”7@0"@
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Early Numeracy

3 Broad 2 Central
Outcomes Themes

* Conceptual * Place Value

Understanding
Fluency Operations

* Problem Solving

(Anderson, 2013)

Early Numeracy: Broad Outcomes

Conceptual Understanding (wiliingham 2009)

* Undertanding meaning and rationale

* Logical, justifyable, knowing the “why”
Computational Fluency (nctM2000)

* Efficient, accurate methods to compute

* Accuracy, flexibility, understanding
Problem Solving (schoenfeld 1992)

* Routine excersizes

* Reaching goal not immediately attainable, “novel”




Early Numeracy: Central Themes
I

Place Value (Base 10)

* Single Digits
* Groups of ten
* Positional Base System

Basic Arithmetic Operations
« Addition/Subtraction Inverse
* Multiplication/Division Operations

MNumerical Mechanism:

Basic Principles of Counting
I

3 One-to-one — Counting one “thing” at a time; transfer from
uncounted group to counted group (1: 1 Correspondance)

1 Cardinal — The last count represent the quantity in the counted
group (Cardinality)

2 Stable-order — Establishes consistent sequence

Abstraction — applying counting to like objects, actions, sounds,
etc...

4l

Order-irrelevance — Can count in any order

ren's Concept of Numbers

7/31/2017
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Developmental Dyscalculia

Number Module |:'>

Quantity Meaning & Symbolic Meaning
must be emphasized]!

E

Understand
Indivi d I
(C d “Y)
9a Benchmark
N TS
N\ (s A
C 1 —— C — Make 5 —— Make 10 -
L\ J \ J \ J \ /) 5
s
Q
( Subtraction \ :
(5o N\ (e N\ (1 N\ (e ) o
Take away ==p Think Addition =p Across 5 ==p Across 10 I~
L\ J J J ),
y'y
9b Benchmark
Numbers
22

7/31/2017
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cardina LL’cH

“what numbers represent”

“What does three reaLLa MEAN?
what s three-mness”

-MM

Pennsylvania Training and Technical Assistance Network

What does “3” really mean?

3 three “three” @ @@ @
@0
"1..2..3!"

“one more than 2”
“is between... ”  “is more than...
» “Is less than...

“one less than 4”
»

»

“is the same as...

3 units

12
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From Quantity to Computation

Subtraction

("eb (1o N (e
==p Think Addition =p Across 5 ==p Across
\ } — A\D
9b Benchmark
Numbers

Place Value

Cardinality: the size of a set
|

- The number of elements in a set.

“A set of numbers, called S, contains the numbers
1, 3,5, 7,and 9. The cardinality of the set S is 5.”

if S ={1,3,5,7,9} then |S| = 5

Cardinality begins by learning quantities/patterns.

Cardinality is enhanced with |:|1 Correspondence.
* Through |:1 “counting”
* Through I:1 “matching” 2

13



Cardinality: the size of a set

- The number of elements in a set.

and @. The cardinality of the set D is 4.”

ifD={® O @ @ }then |D| =4

1@
o0

“A set of dots, called D, contains the dots @,0O,

o,

27

Subitization

The ability to see a quantity and
know how many, without “counting.”

Perceptual and Conceptual

7/31/2017
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Subitization

Research indicated that dice patterns and
rectangular arrays are the easiest for
students to learn.

Don’t go crazy!

Clements, D. H. (1999). Subitizing: What is it? Why teach it?. Teaching children mathematics, 5(7), 400.

Subitizing — “How Many?”

30

7/31/2017

15



7/31/2017

Subitizing — “How Many?”

31

Connecting Representations of Numbers
|
0000 o0 000 0
o0
® 000
four 4 ,
0. 00

16
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Subitization
X X P rr
> r >

00
oo

Sk S Ak
Lo e d o - s
- W W
s B B

Subitization — Tacting a Feature

Verbal Conditional
Discrimination must be

established.

* What is it?

* What part is it?
* How many?

This is complex verbal behavior.




Subitization — Tacting a Feature

“How many?”

Trial Teacher Learner

Tact Prompt for Presents item “Six”

Part “How many? Six.”

Tact Transfer “How many?” “Six”

Distractor(s) ? !

Tact Trial ltem Presents item “Red-veined
“What are these?” | Dropwing

Dragonflies”
Tact Part Check Presents item “Six”

Error Correction — Run a contrast correction
as part of the distract trial sequence

Subitization — Data Collection

Skl

Skills Tracking Sheet

arget Date Introduced

Date Mastered

7/31/2017
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Subitization — Tacting a Feature
|

Generalization &
discrimination should be
present for the items in the
set.

The concept of quantity has been developed
when the individual can subitize (tact) novel
items in a set without explicit training.

Cardinality: the size of a set

1@ ) &
o0 00 2o ¥

four reindeer

0 4 pumpkins 4‘

o0 - 0000
¥y

2 four

38

7/31/2017
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Cardinality: the size of a set

This is a setting to ensure the following abilities are
generalized across multiple exemplars

— Words (saying, writing)

— Patterns (identifying, building)

— Digits (matching, writing)

— Assinging units

39

Understanding Individual Quantities

3b
Given a digit,

select/build the
set

—

20
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Potential Prerequisites?

What prerequisite skills might
students need to learn about
cardinality!?

Play time!

five

5

Match Game
Go Fish! Other ldeas?
War!

21



Stable-Ovder

‘consistent count sequence”

Pennsylvania Training and Technical Assistance Network

From Quantity to Computation

[1

stablis!
2 3
Understand Establish a
Individual Consistant Apply 1-1
Quanitities Count Correspondance
(Cardinality) Sequence ab
Work towards

abstraction

9a Benchmark
N TS

(" Addition I N
rs \ (6a \ (7a (8a \
a
Countall ==  Counton [~ Make 5 > Make 10 -
[}
\_ g J U J N J ) 3
<
>
s ~ | o¢
Subtraction 9
(‘sb N (e N\ (7 ("&b ) o
Takeaway ~ p=+P| Think Addition fF=«B|  Across M Across 10 =
L\ O\ AN VRN J Y,
A
9b Benchmark
Numbers
44

7/31/2017
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Stable-Order: Consisent Count Sequence

- Establish a consistent count sequence.

Once student understand a set of quantities, those
are arranged in order of magnitude to establish a
count sequence.

Magnitude — Comparing to other sets
Single Comparison - Greater than, less than, equal

Multiple comparisons - Ordering sets

45

Single Comparision
|

- Comparing one number to another

2or8
Which is more/less!? # or # 4orb

More bees or trees?

7/31/2017
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Single Comparision

- Comparing one number to another

47

Single Comparision

- Comparing one number to another

48

7/31/2017
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Single Comparision

- Comparing one number to another

greater

less #

is equal than/to

The number of bees is than the number of trees.

¥
A=Y

o T
sl

K
T Al

49

Multiple Comparisions (ordering)

- Comparing more than one number

Least, greatest, minimum, maximum, middle...

ORDERING
1 2 3 4 5 50

7/31/2017
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Multiple Comparisions (ordering)

- Comparing more than one number

Least, greatest, minimum, maximum, middle...

ORDERING
1 2 3 7 = 51

"Zero, one, two, three, four, five, six, ..."

52

7/31/2017
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1a

Establist a Consistant Count Sequence

5 ] (7 )

3a
Given three Given any three

f‘e‘z(":z" Given two digits Given three sets e
determine which (£2), determine (£2), order from d |g|‘ & I)' . sets, order from
° which is greater least to greatest order from feast least to greatest
is greater to greatest
- J
2a 4a 8
Givenany ¢ Given any three
sote doermiee Given any two digits, order
e digits, determine from least to
g which is greater greatest
b 2b 3b b ) : 9 :
Given two . . Given numbers
sets(+2) Given any two Given two digits Given any two 010, order them
determine w’h\'ch sets, determine (£2), determine digits, determine = frr;m least to
" which is less which is less which is less
is less greatest
J —

10a 10b

Determine the Determine the
next number is a missing number is
count sequence a count sequence

Potential Prerequisites?

What prerequisite skills might
students need to establish a
consistent count sequence!

7/31/2017
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1:1 Cowespovwla NWCE

“not Just couting words”

Pennsylvania Training and Technical Assistance Network

From Quantity to Computation

[1

stablis!
2 3
Understand Establish a
Individual Consistant Apply I-1
Quanitities Count. Correspondance
(Cardinality) Sequence ab
Work towards
abstraction
9a Benchmark
N TS
(" Addition I )
(5 \ (6a N\ (7a N\ (8a N
a
Count all —— Count on — Make 5 —— Make 10 -
\_ & AN J U J J )
( Subtraction \
(5o A N\ (7 N (e h
Take away ==p Think Addition =p Across 5 ==p Across 10 I~
L\ \C J J/ ),
A

9b Benchmark
Numbers

Place Value

56

7/31/2017

28



1: 1 Correspondence

- Pairing between two sets, each object in A
with one and only one object in B

ifA={1,2,3,4,5}and B ={a,b,c,d, e}
then A and B are in one-to-one correspondance

(1,a),(2,b),(3,c),(4,d),(5,e)

1: 1 Correspondence & Cardinality

Cardinality is enhanced through |:I Correspondence
Magnitude

More bees or trees?

f'/ﬂ ) ; r !
s

7/31/2017
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1: 1 Correspondence & Cardinality

Cardinality is enhance through |:1 Correspondence...

Magnitude

More bees or trees?

1: 1 Correspondence & Cardinality

Cardinality is enhance through I:1 Correspondence...

Magnitude

7/31/2017
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1: 1 Correspondence

- Pairing between two sets, each object in A
with one and only one object in B

-3k B B ..

B = {"one", "two", "three", ... }
then ...

Applying the Count Sequence

* Partitioning — Moving from “uncounted
pile” to “counted pile” — touching?

* Tagging — assigning label; placing in
“labeled” spot or attaching label

7/31/2017
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188
6 (7|89 |10

Applying the Count Sequence m@v@@y@

e

\-

Applying the Count Sequence

i I

7/31/2017
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Applying the Count Sequence m@[ly'@@/@

[y
N
w
N
9] |

o
N
e
O
[y
(=

“Get four cars.”
Defined set

“How many yellow?”
Discrimination

Applying the Count Sequence m@[%@@/@

.

o
&

o
A

— Q
—

1

8

“Get four cars.”
Defined set

“How many yellow?”
Discrimination

7/31/2017
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Applying the Count Sequence

Tt

342 =

Apply 1: 1 Correspondence

|
Given a set of movable
objects (arranged or
scattered), count the
objects moving them
out of the set is
counted

Given two set of
objects, pair objects
and state wether the
sets are equivalent

2

Given a set of pictured
objects (arranged or
scattered), count the

objects touching them

as counted

1.2

Given two set of
objects, pair objects
and state which sets is
larger

Given a set of objects

and a stated quantity,

count out the stated
subset

1.3

Given two set of
objects, pair objects
and state which sets is
less

4

Given a several
pictures of objects and
a stated quantity,
select the set that
matches the given
quantity

7/31/2017
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Potential Prerequisites?

What prerequisite skills might
students need to learn about
1:1 Correspondance?

Ovder lrrelevance
Abstyraction

‘“what are we counting”

4E7

Pennsylvania Training and Technical Assistance Network

7/31/2017
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F

rom Quantity to Computation

1 2 3
Understand Establish a
Individual Consistant Apply I-1
Quanitities Count Correspondance
(Cardinality) Sequence

Place Value

6b (7o N (e
=B Think Addition =B  Across5 =b  Across 10
\ \ — A\D
9b Benchmark

NNNNNNN

Order Irrelevance

* Counting a set of items in different orders
always results in the same size set

7/31/2017
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Abstraction

* Count things that are “not easily re-counted”

Potential Prerequisites?

What prerequisite skills might
students need to learn about
flexibly and abstractly?

7/31/2017
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Pennsylvania Training and Technical Assistance Network

ns

From Quantity to Computation

4a

Establish
Order
1 2 3 Irrelevance
Understand Establish a
Individual Consistant Apply 1-1
Quanitities Count Correspondance
(Cardinality) Sequence ab
Work towards
abstraction
9a Benchmark
N TS
Addition {
(s ) 6a (7a N (&
a
Count all e Count on — Make 5 — Make 10 —
\ A\ J/
Subtraction
EY 6b N\ (m 8b
Take away ==ppd  Think Addition = Across 5 = Across 10
4\

9b Benchmark
Numbers

Place Value

76

7/31/2017
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The Mathematics Framework, Appendix F

S mip,

The Mathematics Framework, Appendix F

Count All Take Away

Count On | Think +

Level 3:
Recompose
Make a ten (general): |
one addend breaks a @ [T’@ m
apart to make 10
with the other

wermims | 010 5/10

within each addend)

Doubles =n 6+8

=6+6+2

= 12 +2=14

Note: Many children attempt to count down for subtraction, but counting down is difficult and error-prone
Children are much more successful with counting on; it makes subtraction as easy as addition.

39
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e rLg

Additlon/Subtraction

“practice counting with symbols”

4E7

Pennsylvania Training and Technical Assistance Network

From Quantity to Computation

1 2 3
Understand Establish a
Individual Consistant Apply 1-1
Quanitities Count P
(Cardinality) Sequence
9a Benchmark
N TS
(" Addition I )
5 Y (e N\ (7 N\ (e )
a
Count all il Count on — Make 5 —— Make 10 -
[
\_ A\ J U J U J ) 3
(J
>
e , N |
Subtractiol :
5t ("&b N\ (1 N\ (e h o
Take away =2p  Think Addition =p Across 5 ==p Across 10 I~
\_ - J J ),
9b Benchmark
Numbers
80

40



[Count AII]— Take Away

4+3=17

A+1+1+1D)+(A+1+1)=

[Count AII]— Take Away

4+3=1717

1+1+1+1H)+(1+1+1)=

7/31/2017
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Count All —[Take Away]

5—-3=2
1+14+1+1+1)-(1+14+1) =
@+ Drag+3¢ 196) -6 -9 -3¢ =

N 90e

Count All —[Take Away]

5-3 =2

1+1+1+1+1D)-(1+1+1)=

@+ Drat+3¢ 56) -6 90 -3¢ =
aasaa N

7/31/2017
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From Quantity to Computation

Place Value

(eb (1o N (e
==p{ Think Addition == Across 5 ==p Across
\ } — A\D
9b Benchmark
Numbers

[Count On]— Think Addition

6+2= 8
6+(1+1)=

)

43



[Count On|- Think Addition

6+2=8
6+(1+1)=

Count On — Think Addition

6—2= 4
6-(1+1)=6-1-1=

7/31/2017

44



Count On —[Think Addition]

6—-2= 4
2+(4|=6
. \

Count On —[Think Addition]

6-2= 4
2+[4]=6
09000

7/31/2017
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Count On —[Think Addition]

Advanced
Additlon/Subtraction

“flexibility with nunbers”

4E7

Pennsylvania Training and Technical Assistance Network

7/31/2017
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From Quantity to Computation

Place Value

—AcrossS
4+4= 8
SN\
4+(1+3)=
(4+1)+3=5+3=

/ ,,/j _,,/:

47
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—AcrossS
4 +4= 8
SN\
4% (1+3) =
(4--|—1)+3= 5+3=

5

& 1 1 1 1 m 1 1
<€ 1 1 1 1 1 1 1 1 1 1 >
0 1 2 3@& 5 6 7 8 9 10

Make 5 —[Across 5]

7—(2+2)=

(7—-2-2=5-2=
00
W,




Make 5 —[Across 5]

7—4= 3

SN
7-(2+2)=
7-2-2=5-2=

o

5

1 1 1 m 1 1 1
<€ 1 1 1 1 1 1 1 1 1 1 >
0 1 2 3 4 5 Ggﬂ& 8 9 10

[Make lO]— Across |10

8+6= 14
Y

/
8% (Z+4)=
B8+2)+4=10+4=

7/31/2017
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[Make IO]— Across |0

8+6= 14
SN

8% (2+4) =
(84+2)+4=10+4 =

a2

LS

<l l l l l l l l l l l l l
- T 1 ) 1 ) ) ) ) ) I I I e
7({& 9 10 11 12 13 14 15 16 17 18 19 20

[Make IO]— Across |10

9+9= 18
SN

94 (1+8)=
(9+1)+8= 10+8=

Q00 | | |

e |00

7/31/2017
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[Make IO]— Across |0

9+9= 18
N\

9% (1+8) =
9+1)+8=10+8=

-t} ) >
7 SCT{} 10 11 12 13 14 15 16 17 18 19 20

Make IO—[Across IO]

16 -9 = 7
VAN

16 — (6 + 3) =

16— 6—3=10—3 =

9000 | | (|

o |

7/31/2017
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Make IO—[Across IO]

<

16—-9=17
YA
16— (6 +3) =
16 -6—-3=10—-3 =

ST

5 6

| \ | | |

1 1 1 1 1 1
9 10 1" 12 13 15 17 18 19

From Quantity to Computation

[1

stablis
2 3
Understand Establish a
Individual Consistant Apply 1-1
Quanitities Count Correspondance
(Cardinality) Sequence ab
Work towards
abstraction
9a Benchmark
7
( Addition
rSa 1 (6a A (7a
Countall ==  Counton [~ Make 5
\_ g J U J \C
( Subtraction
(‘sb N (e N\ (7
Takeaway ~ p=+P Think Addition Pe=sB  Across5 b Across 10 [
L\ O\ AN VRN J Y,
A

9b Benchmark
Numbers

Place Value

104

7/31/2017
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Importance of “tens”

* Mental Math is handled in chunks, not an algorithm

* Flexibility with numbers - NUMBER SENSE

* Leads to place value

What is Number Sense?

“a child’s fluidity anith numbers,

the sense of what numbers mean, and an
ability to perfornCmentalnathematics and
to look at the world and make comparisons”

(Gersten & Chard, 1999)

7/31/2017
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Importance of “tens”
|

* Mental Math is handled in chunks, not an algorithm
* Flexibility with numbers - NUMBER SENSE

* Leads to place value

(34— 6) — 10
(34—4—2)—10
34 (30 —2) — 10
—16 28 — 10
18

Place value

‘seelng sets of 107

4E7

Pennsylvania Training and Technical Assistance Network

7/31/2017
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From Quantity to Computation

Ten-Frame Progression

o

O000O
Co®®®

i

_|_
U1l O

s
i )

—
—

00000

OCeee®
(X X

60 + 3

7/31/2017
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From Quantity to Computation

[1

stablis!
2 3 rrelevance
Understand Establish a
Individual Consistant Apply 1-1
Quanitities Count Correspondance
(Cardinality) Sequence ab
Work towards
abstraction
9a Benchmark
TS
( Addition I )
5 (6a (1a N\ (e
a
Countall Count on Make 5 = Make 10
[
\_ g G J - ) 3
J
>
4 ) N\ 8
Subtraction g
5b ("eb (1o N (e o
Take away ==p Think Addition =p Across 5 ==p Across 10
\§ & (& AN _ J
9b Benchmark
Numbers
1M1
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