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PaTTAN'’s Mission

The mission of the Pennsylvania
Training and Technical Assistance
Network (PaTTAN) is to support the
efforts and initiatives of the Bureau of
Special Education, and to build the
capacity of local educational agencies
to serve students who receive special
education services.

PDE’s Commitment to Least Restrictive Environment (LRE)

Our goal for each child is to ensure
Individualized Education Program (IEP)
teams begin with the general
education setting with the use of
Supplementary Aids and Services
before considering a
more restrictive environment.
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PA Core Standards

Mathematical Standards: Development and Progression

http://www.pdesas.org/Standard/PACore




Standards for Mathematical Practice

|. Make sense of problems and persevere in solving them

*2. Reason abstractly and quantitatively

7’“& 3. Construct viable arguments and critique the reasoning of
others

*4. Model with mathematics

*5. Use appropriate tools strategically
6. Attend to precision

7. Look for and make use of structure

8. Look for and express regularity in repeated reasoning



Mathematical Practices Structure Diagram

2. Reason abstractly and *
quantitatively

3. Construct viable arguments
and critique the reasoning of
others

Reasoning and explaining

*

. Seeing structure and generalizing

Modeling and using tools

Overarching habits of mind of a productive
mathematical thinker.




Rationale — IES Practice Guide

Intervention materials should include opportunities for students to
work with visual representations of mathematical ideas and
interventionists should be proficient in the use of visual representations
of mathematical ideas.

Evidence: Moderate
Source: |ES Practice Guide: Assisting students struggling with mathematics: Response to Intervention (Rtl) for elementary and middle schools

Instruction during the intervention should be explicit and systematic.
This includes providing models of proficient problem solving,
verbalization of thought processes, guided practice, corrective
feedback, and frequent cumulative review.

Evidence: Strong
Source: |ES Practice Guide: Assisting students struggling with mathematics: Response to Intervention (Rtl) for elementary and middle schools

Help students understand why procedures for computations with
fractions make sense.

Evidence: Moderate
Source: |ES Practice Guide: Developing Effective Fractions Instruction for Kindergarten Through 8th Grade




Rationale — Additional Research

Research-based studies show that students who use concrete
materials develop more precise and more comprehensive
mental representations, often show more motivation and on-task
behavior, understand mathematical ideas, and better apply these
ideas to life situations (Harrison & Harrison, 1986; Suydam &

Higgins, 1977).

Harrison, M., & Harrison, B. (1986). Developing numeration concepts and skills. Arithmetic
Teacher, 33, 1-21.

Suydam, M. N.; & Higgins, J. L. (1977). Activity-based learning in elementary school
mathematics: Recommendations from research. Columbus, OH: ERIC Center for Science,
Mathematics, and Environmental Education.

Concrete-Representational-Abstract Instructional Approach Summary Report—
The Access Center, American Institutes for Research, Washington, DC

DOINGWHATW’2RKS



Prerequlsites




I
Make sure students have necessary skills to begin CRA.

A math placement test does not necessarily give you this
iInformation.

We will not cover all requisite skills that might need to be
addressed in a students programming prior to using CRA.

Individualized programming decisions will be necessary, these
decisions should be based on student data (rates of mastery,
frequency of errors, fluent responding, etc.).

There are several conference sessions addressing instructional
basics that will provide valuable information.



Group Instruction

Respond in group to known instructions (unison/choral
responding as well as responding to single responses when
appropriate, responding to hand signals/cues)

Learn new behaviors/master new skills in a group format

Work independently in a group for 5-15 minutes and stay on task

Follow instructions involving adjectives and prepositions (Put the ones
block under the tens block.)

Follow instructions regarding pronouns and adverbs (My turn. Okay,
now your turn. Draw an area model then draw a tens block.)



Prerequisites for Beginning Math

Instruction for Students with Autism

Label novel objects/text
(long vs. short, big vs. little, able to read text written vs. printed, etc.)

Echo novel phrases
Match novel objects
Imitate novel motor movements

Receptively identify objects/follow directions
(area map, choral response, etc.)

Answers questions flexibly

Fluent responding — A skill is really learned when the student can do it fluently.
Fluency means the student can do the skill accurately and quickly. (e.g. Subitization)

If a student is not able to master these skills over a few teaching trials it is likely
that instruction should focus on teaching a more developed verbal repertoire
before beginning CRA.



If essential precursor skills have not been mastered, it is unlikely
that the student will learn CRA in a meaningful way (generalization).

If an assessment of the student’s language indicates that specific
training Is necessary, it is essential that instruction first focus on
prerequisite verbal skills.

Mathematics requires a student to engage in complex verbal
behavior. (Concepts of numbers — 3 is the same as Il which is
equal to three which is equivalentto @ @ ® . “4 and 3 is 7” is the
same as 4+3=7.)

Mathematics is verbal behavior, how we define mathematical
concepts requires clear social communication: to teach math
effectively you must teach communication.
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Teach the blocks!




Concrete - Representation — Abstract

V1 ¢ 4

342



Place Value - Problem #1




Place Value - Problem #2




Place Value - Problem #3




Place Value - Problem #4




Place Value Cards

?%042
300
597

4 ()

597




Place Value (expanded form)

Concrete Representational Abstract Language
g 1 243’ How many hundreds?
F A 2 hundreds
1 1 1 What is that worth?
_____ j EHHEHH 200
E E 243’ How many tens?
m 4 tens - .
=1 1 What is that worth?
5 B 40
243’ How many ones?
T @ @ 000 3 ones
What is that worth?
3
200 + 40 + 3 200 4.0 3 How dowe write the numberin
+ + 200 + 40 + 3 expanded form?

(using place value mat)

“two hundred forty three”

“two hundred forty three”

“two hundred forty three”

How dowe read the number?

May support the Abstract portions with place value cards

200

200

3

40 13

<

%

40 3

4

200

2




CRA Sequence of Instruction

2 —Teach and practice modeling procedures concretely
3 —Connect the concrete to a representation of the concrete

4 — Practice modeling the procedure representationally EArin g
5 —Connect the representation to the abstract symbols

2 — Teach and uresconcretely
3-Con e to a representation of the concrete
4 ctice modeling the procedure representationally

5 —Connectthe representation to the abstract symbols

6 — Practice the abstract modeling of the procedure

7 —Make connections between all three models to help students monitor
their thinking and choice of representation

8 — Provide opportunities for student choice.
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Concrete - Representation — Abstract
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Addition - Problem #1




Addition — Problem #2







Addition - Problem #4




Addition — Pl"ObIem #5 (place value cards)

100 20 3| 125

200 30 o |13

3

300 50 12
: + 12
6 0 3

00
50
12
6 2




Addition (place value & partial sums)

Concrete Representational Abstract Language
Addition
3 How many hundreds doeseach
] number have?
243 How many hundreds doesthe sum
+139 have?
“3 hundreds” “3 hundreds” 300
I i1l How many tens does each number
+1 have?
| | | 300
' 243 How many tens does the sum have?
T 1) 1] ] £139
300
i K Fid FA ?D
/ tens 7 tens
DD 0 000 2 How many ones doeseach number
+1 have?
D000 0 D000 00000 0000 300
70
Do OO0 o B 0O0000 00 243 How many ones doesthe sum have?
DD D0 D O0000 +139
300
“12 ones” “12 ones” 70
12
D mE D 6 o o O00 00 243 Can | regroup 10 ones to make a ten?
D905 9 0000 +139
300 Can | regroup 10tens to make a
No No 70 hundred?
12 What is the sum of #1 and #2?
Il oo 382

After partial sums is understood, you can generalize the algorithm from right to left.




Subtraction
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Concrete - Representation — Abstract

v ¢ 4



Subtraction (place value)

Concrete Representational Abstract Language
3
—\ 1778 How many hundreds does the
minuend have?
_ ]?E How many tens does the minuend
have?
HEHE = j‘;3 Can | complete the subtraction of
H % 3 4z 178 tens without using negatives, or do |
=R = need to make 10 tens from a
hundred?
312
How many ones does the minuend
sl
000 -1 have?
11 .
i 3{'; ;" Can | complete the subtraction of
nrpaREnonn - Beo Q0000 00000 000 178 ones without using negatives, or do |
—E need to make 10 ones from a ten?
11
11813
— AZZ What is the difference between the
BEBRE 00000 — 178 ones?
5
11
31213
ALA What is the difference between the
— 178 tens?
45
11
31213
A28 What is the difference between the
—178 hundreds?
245
(EEE 245 What is the difference between #1
HH 3 o
H H H = 2 | | 00000 and #2? or What is #1 minus #27?
ol (i i Lt




Where can | find more?
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Arrays & Area Models

3 X 2

CE N RN
A &

|—2— A=1lxw
3| A=2x3
A =




Concrete - Representation — Abstract
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Multiplication — Problem #1




Multiplication — Problem #2




Multiplication — Problem #3




Multiplication — Problem #3.1




Multiplication (place value & partial products)

Multiplication (place value & partial products)

Representational Abstract Language
12 =10 4 2 « ;i « 10+2 How can the first factor be written in expanded
. form?
12 10+ 2 i .
How can the second factor be writtenin expanded
24=120+4 X 24 X 201+ 4 form?
- : 12 10 +2
10 X 24 X 20+4
48 40+ 8
What is the product of the each number (digit) in
the first factor by each number (digit) in the second
20 4 factor
12 10+ 2
10| 200 40 X 24 X 20+4
48 40+ 8
2 40 8 240 200 + 40
"8 ones" How many ones doesthe product have?
12 10+ 2
no x 24 X 2044 Can | regroup10 onesto make a ten?
43 40+ 8
+240 +200 + 40
"8 tens" 288 200 +80+8 How many tens does the product have?
no Can | regroup10 tensto make a hundred?
"2 hundreds” How many hundreds does the product have?
288 288 What is the final product?
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Concrete - Representation — Abstract
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Language

What is the number we are dividing?
or What is the dividend?

What are we dividing it inta?
or What is the divisor?

How many tens are remaining?

How many hundred are in each group?

How many ones is this worth?

How many hundreds are remaining?

How many ones are in each group?

How many tens is this worth?

How many ones are remaining?

How many tens are in each group?

What is the quotient?
or How many are in one group with how many
remaining?




Data Collection

§ Mastery Criterin




Data Collection

Considerations:
Acquisition — Cold probe, permanent product
Fluency — Time trials

Application — Practice measures



Language Structure

atb

Everyone stand on zero and face the positive direction.

“forward” (i positive)
: : a
The first number is . Everyone move |al numbers

“backward” (if negative)

“add” “positive”

The sign says to , SO everyone face the direction.

“subtract” “negative”

”fO.‘" ward” (if positive)

The second number is b

||

. Everyone move numbers

“backward” (if negative)

What number are you standing on?

Teacher writes solution. Teacher reads solutions. Students read solution



Data Collection

R

_.: . i o
e A ) P l.
' o ’ ) ! i _ <

"i. Y. Adding/Subtracting Integers Data Log e
. B  E RN S e e L S
Problem Mame Zero/ Face Locate first { Operation/ Second number Determine | Read completed
positive { number | Directional change | shift | location | number sentence |
X I S R, |
|
— S — —_
X b >
-~ i o+ :" o
o~ | y S D U
wf | ", <, # | |
' | . S tal b y |
5 -.-'_" - b B :‘ ,If / | ff
b4 - X X
i T - ¥
< /,f — ) L S .«
|
g I s B I L |
| ; , ) J |
./"f : ,;‘H " [ . -~ |
X | -~ 1 1 |
. - —- — S — S .
! s ! ! Y |
B T e 7
' ! (
% | : YT |
] T ;
s 2
| ‘ 4
| b
| K | ,. 1 - .S BN SR
| . |
| _ A _
\ . 1
G | I

X - student(s) complete independently [ - student(s) complete with support Leave blank - student(s) not able to camplete




CRA Sequence of Instruction

2 —Teach and practice modeling procedures concretely
3 —Connect the concrete to a representation of the concrete

4 — Practice modeling the procedure representationally EArin g
5 —Connect the representation to the abstract symbols

2 — Teach and uresconcretely
3-Con e to a representation of the concrete
4 ctice modeling the procedure representationally

5 —Connectthe representation to the abstract symbols

6 — Practice the abstract modeling of the procedure

7 —Make connections between all three models to help students monitor
their thinking and choice of representation

8 — Provide opportunities for student choice.
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Contact Information www.pattan.net

I
Educational Consultants, PaTTAN HBG

Willow Hozella whozella@pattan.net

pennsylvania

DEPARTMENT GF EDUCATION

Allen Muir amuir@pattan.net e T
. Pennsylvania Training and Technical Assistance Network
@muir_PaTTAN d :

Jared Campbell jcampbell@pattan.net

@campbell PaTTAN Commonwealth of Pennsylvania
— Tom Corbett, Governor

Pennsylvania Department of Education

Carolyn C. Dumaresq, Ed.D., Acting Secretary

Patricia Hozella, Director
Bureau of Special Education
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